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es.2013.0Abstract In this present article heat transfer in a Walter’s liquid B ﬂuid over an impermeable
stretching sheet with non-uniform heat source/sink, elastic deformation and radiation are reported.
The basic boundary layer equations for momentum and heat transfer, which are non-linear partial
differential equations, are converted into non-linear ordinary differential equations by means of
similarity transformation. The dimensionless governing equations for this investigation are solved
analytically using hyper geometric functions. The results are carried out for prescribed surface tem-
perature (PST) and prescribed power law surface heat ﬂux (PHF). The effects of viscous dissipation,
Prandtl number, Eckert number, heat source/sink parameter with elastic deformation and radiation
are shown in the several plots and addressed.
ª 2013 Production and hosting by Elsevier B.V. on behalf of King Saud University.1. Introduction
The thermal radiation may be quite signiﬁcant at high operat-
ing temperatures in engineering processes, under many non-
isothermal situations and in situations where convective heat
transfer coefﬁcients are small. In polymer processing industry,
if the entire system involving the polymer extrusion process is42401998.
.co.in (A.K. Abdul Hakeem).
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5.006placed in a thermally controlled environment, then thermal
radiation effect might play an important role in controlling
the heat transfer process. The knowledge of radiation heat
transfer in the system can perhaps lead to a desired quality
of the ﬁnal product. In view of this, Seddeek and Abdelmeguid
(2006) studied the effect of thermal radiation on the heat trans-
fer of a Newtonian ﬂuid having temperature dependent diffu-
sivity past stretching surface with variable heat ﬂux. Bataller
(2007) investigated the effect of thermal radiation on the heat
transfer in a boundary layer ﬂuid ﬂow over a stretching sheet
with internal heat source/sink. Abdul Hakeem and Sathiyana-
than (2009) investigated the effect of thermal radiation for an
oscillatory ﬂow analytically. Recently, Bhattacharyya and
Layek (2011) studied the effects of suction/blowing on steady
boundary layer stagnation-point ﬂow and heat transfer to-
wards a shrinking sheet with thermal radiation.ing Saud University.
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play an important role in all such theoretical studies. This is
due to the fact that the rate of cooling inﬂuences a lot to the
quality of the ﬁnal product with desired characteristics. Abo-
Eldahab Emad and El Aziz Mohamed (2004) investigated heat
transfer considering non-uniform heat source/sink. Abel and
Nandeppanavar Mahantesh (2009) studied the MHD visco-
elastic ﬂow over a stretching sheet with non uniform heat
source/sink.
Pillai et al. (2004) analyzed the effects of work done by
deformation in viscoelastic ﬂuid in porous media with uniform
heat source. Cortell (2006) have investigated the effects of elas-
tic deformation on MHD ﬂow of viscoelastic ﬂuid. Liu (2004)
studied the effects of viscous dissipation, work done by defor-
mation and uniform heat source on heat transfer in second
grade ﬂuid. Nandeppanavar Mahantesh et al. (2010) have
investigated the heat transfer in a viscoelastic ﬂuid over an
impermeable stretching sheet with non-uniform heat source/
sink and elastic deformation.
Keeping this in mind, we investigated the effect of heat
radiation in a Walter’s liquid B ﬂuid ﬂow over an impermeable
stretching sheet with non-uniform heat source/sink and elastic
deformation.2. Mathematical formulation
Consider a steady, laminar and two dimensional ﬂow of an
incompressible Walter’s liquid B ﬂuid past a ﬂat sheet coin-
ciding with a plane y= 0 and the ﬂow being conﬁned to
y> 0. The ﬂow is generated due to the stretching of the
sheet, caused by the simultaneous application of two equal
and opposite forces along the x-axis. Keeping the origin
ﬁxed, the sheet is then stretched with a speed varying line-
arly with the distance from the slit. We take x-axis along
the surface, y-axis being normal to it and u and v are the
ﬂuid tangential velocity and normal velocity, respectively
as shown in Fig. 1.
The equations governing the problem under consideration
are given byx 
y 
uw=b x
Boundary layer 
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Figure 1 Boundary layer over an impermeable linear stretching
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where m is the kinematic viscosity, k0 is the elastic parameter.
The boundary conditions for the velocity ﬁelds are of the
form.
u ¼ bx; v ¼ 0 at y ¼ 0;
u! 0 as y!1; ð3Þ
where b is the stretching rate.
We deﬁne the following new variables
u ¼ bxfgðgÞ; m ¼ ðbmÞ
1
2fðgÞ; g ¼ b
m
 1
2
y: ð4Þ
Using (4), Eq. (1) is trivially satisﬁed and Eqs. (2) and (3) takes
the form:
f2g  ffgg ¼ fggg  k1 2fgfggg  ffgggg  f2gg
n o
: ð5Þ
With corresponding boundary conditions
fg gð Þ ¼ 1; fðgÞ ¼ 0 at g ¼ 0;
fgðgÞ ! 0; as g!1:
ð6Þ
Here the subscript g denotes differentiation with respect to
g; k1 ¼ k0bv is the viscoelastic parameter.
Here boundary conditions are one less in number required
to solve the ﬂow problem uniquely. Following Rajagobal et al.
(1987), the solution of Eq. (5) with boundary conditions (6)
can be written in the form:
fðgÞ ¼ 1 e
ag
a
; ð7Þ
where a ¼
ﬃﬃﬃﬃﬃﬃﬃ
1
1k1
q
. Obviously 0 < k1 < 1.
Using the solution (7) in Eq. (4), the velocity components
obtained in the form
u ¼ bxeag; and m ¼ 
ﬃﬃﬃﬃﬃ
bm
p 1 eag
a
 
: ð8Þ
The wall shearing stress on the surface of the stretching sheet is
given by
sw ¼ v @u
@y
 k0 u @
2u
@x@y
 2 @u
@x
@u
@y
  
y¼0
: ð9Þ
The local skin-friction coefﬁcient or the frictional drag is given
by
Cf ¼ sw1
2
qu2w
¼ 2Re1=2x ð1 3k1Þfggð0Þ: ð10Þ3. Heat transfer analysis
The governing thermal boundary layer equation in the pres-
ence of viscous dissipation, elastic deformation non uniform
internal heat source/sink, radiation for considered two -
dimensional ﬂow problem is given by
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Figure 2 Effect of visco-elasticity (k1) on velocity distribution.
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where k is the thermal conductivity, q is the density, T is the
temperature, Cp is the speciﬁc heat at constant pressure, l is
the viscosity and q000 is the space and temperature dependent
internal heat generation/absorption (non-uniform heat
source/sink) Nandeppanavar Mahantesh et al. (2010) which
can be expressed in simplest form as
q000 ¼ kuwðxÞ
xv
 
½AðTw  T1ÞfgðgÞ þ BðT T1Þ; ð12Þ1 2 3 4 5 6 7 
δ=0.0 
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Figure 3 Effect of radiation parameter for various values of
elastic deformation parameter in the PST case with Ec = 2,
Pr = 3 ,k1 = 0.1 and A
* = B* = 0.5.where A* and B* are parameters of space and temperature-
dependent internal heat generation/absorption. It is to be
noted that A* > 0 and B* > 0 correspond to internal heat gen-
eration while A* < 0 and B* < 0 correspond to internal heat
absorption.
The Rosseland approximation for the radiation (Abdul Ha-
keem and Sathiyanathan, 2009) heat ﬂux has given by
qr ¼
4r
3k
@T4
@y
; ð13Þ
where r* is the Stefan–Boltzmann constant and k* is the mean
absorption coefﬁcient. Further, we assume that the tempera-
ture difference within the ﬂow is such that T4 may be expanded
in a Taylor series. Hence expanding T4 about T1 and neglect-
ing higher order terms we get
T4  4T31T 3T41: ð14Þ
Using Eqs. (13) and (14) in (11), we obtain
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The solution of Eq. (15) is found using the two types of general
heating processes, namely, prescribed surface temperature
(PST) and prescribed wall heat ﬂux (PHF), conditions as de-
scribed below.
3.1. The prescribed surface temperature (PST case)
The boundary condition in the PST case is given by1 2 3 4 5 6 7 
δ=0.0 
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Figure 4 Effect of radiation parameter for various values of the
elastic deformation parameter in the PHF case with Ec = 2,
Pr = 3 ,k1 = 0.1 and A
* = B* = 0.5.
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Figure 5 Effect of radiation parameter for various values of k1
in the PST case with Ec = 2, Pr = 3 , A* = B* = 0.5 and d= 1.0.
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l
	 
2
at y ¼ 0;
T! T1 as y!1;
ð16Þ
where Tw is the temperature of the sheet, T1 is the temperature
of the ﬂuid far away from the sheet and l is the characteristic
length.
Deﬁning the non-dimensional temperature h(g) as
hðgÞ ¼ T T1
Tw  T1 : ð17Þ
Now, we make use of the transformations given by Eqs. (4),
(12) and (17) in Eq. (15). This leads to the non dimensional
form of temperature equation as follows:1 3 4 5 6 7 2 
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Figure 6 Effect of radiation parameter for various values of k1
in the PHF case with Ec = 2, Pr = 3 , A* = B*;= 0.5 and
d= 1.0.hgg þ 3NPr
3Nþ 4
 
fhg þ 3N
3Nþ 4
 
ðB  2PrfgÞh
¼ EcPr 3N
3Nþ 4
 
f2gg  dk1fggðfgfgg  ffgggÞ
n o
 3N
3Nþ 4
 
Afg; ð18Þ
where Pr ¼ lcp
k
is the Prandtl number, Ec ¼ u2w
cpðTwT1Þ is the Eck-
ert number and N ¼ k0k
4rT31
is the radiation parameter.
Consequently the boundary conditions Eq. (16) takes the
form,
hðgÞ ¼ 1 at g ¼ 0;
hðgÞ ! 0 as g!1: ð19Þ
The solution of Eq. (18), subject to boundary conditions of
Eq. (19) can be obtained by power series method in terms of
hypergeometric Kummers function (Abramowitz and Stegun,
1972) as
hðgÞ ¼ c1ðeagÞ
a0þb0
2ð ÞM a0 þ b0  4
2
; 1þ b0;Pra2
3N
3Nþ 4
 
eag
 
þ c2eag
þ c3e2ag; ð20Þ
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 
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Figure 7 Effect of radiation parameter for various values of the
Eckert number in the PST case with k1 = 0.2, Pr = 3,
A* = B* = 0.5 and d= 1.0.
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Figure 8 Effect of radiation parameter for various values of the
Eckert number in the PHF case with k1 = 0.2, Pr = 3,
A* = B* = 0.5 and d= 1.0.
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Figure 10 Effect of radiation parameter for various values of the
Prandtl number in the PHF case with k1 = 0.4, Ec = 2,
A* = B* = 0.5 and d= 1.0.
172 A.K. Abdul Hakeem et al.The non dimensional wall temperature gradient derived for
Eq. (20) reads as
h0ð0Þ ¼c1 a a0 þ b0
2
 
M
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2
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 
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The local heat ﬂux can be expressed as
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Figure 9 Effect of radiation parameter for various values of the
Prandtl number in the PST case with k1 = 0.4, Ec = 2,
A* = B* = 0.5 and d= 1.0.3.2. Prescribed power law of surface heat ﬂux (PHF CASE):
The boundary conditions in the case of PHF are given by
 k @T
@y
¼ qw ¼ D
x
l
	 
2
at y ¼ 0;
T! T1 as y!1;
ð23Þ
where D is a constant, k is the thermal conductivity and l is as
deﬁned earlier.
We now deﬁne a dimensionless, scaled temperature g(g) as
gðgÞ ¼ T T1
Tw  T1 ð24Þ1 2 3 4 5 6 7
1 PST CASE
N=1 
N=2
A∗= B∗= 0.8
A∗=B∗= - 0.1 
0.2
0.4
0.6
0.8
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η
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Figure 11 Effect of radiation parameter for various values of A*
and B* in the PST case with k1 = 0.4, Ec = 2 , Pr = 4 and
d= 1.0.
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Figure 12 Effect of radiation parameter for various values of A*
and B* in the PHF case with k1 = 0.4, Ec = 2, Pr = 4 and
d= 1.0.
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leads to the following non-dimensional form of Eq. (15) for
temperature
ggg þ
3NPr
3Nþ 4
 
fgg þ
3N
3Nþ 4
 
B  2Prfg
 
g
¼ EcPr 3N
3Nþ 4
 
f2gg  dk1fggðfgfgg  ffgggÞ
n o
 3N
3Nþ 4
 
Afg; ð25Þ
where Ec ¼ kb2 l2
ﬃ
b
v
p
Dcp
(Eckert number in PHF case).
The corresponding boundary conditions take the form
ggðgÞ ¼ 1 at g ¼ 0;
gðgÞ ! 0 as g!1: ð26Þ
The analytical solution of Eq. (25), subject to the boundary
conditions Eq. (26), is obtained in the following form of con-
ﬂuent hyper geometric function of the similarity variable
gðgÞ ¼ c4ðeagÞ
a0þb0
2ð ÞM a0 þ b0  4
2
; 1þ b0;Pra2
3N
3Nþ 4
 
eag
 
þ c2eag þ c3e2ag;
ð27Þ
where a0, b0, c2 and c3 are as deﬁned earlier in the PST case and
c4 is given by
The non-dimensional wall temperature derived from Eq. (27)
reads as :c4 ¼ c2 þ 2c3ð Þa 1
a a0þb0
2
 
M a0þb04
2
; 1þ b0; Pra2 3N3Nþ4
	 
	 

þ a0þb04
2ð1þb0Þ
	 

Pr
a
 
3N
3Nþ4
	 

M a0þb02
2
; 2þ b0; Pra2 3N3Nþ4
	 
	 
h i :gð0Þ ¼ c4M a0 þ b0  4
2
; 1þ b0;Pra2
3N
3Nþ 4
  
þ c2 þ c3:
ð28ÞThe expression for the wall temperature in dimensional form is :
Tw ¼ T1 þ qw
k
ﬃﬃﬃ
v
b
r
gð0Þ: ð29Þ4. Results and discussion
In the present work we have analyzed the effect of heat radia-
tion on the ﬂow of Walter’s liquid B ﬂuid over an impermeable
stretching sheet with non-uniform heat source/sink and elastic
parameter. The boundary layer partial differential equations
which are highly non-linear have been converted into set of or-
dinary differential equations by applying similarity transfor-
mation and their analytical solutions are obtained in terms
of the Kummer’s function.
The analytical expressions are obtained for non-dimen-
sional temperature proﬁles for prescribed surface temperature
and prescribed power law surface heat ﬂux. Explicit analytical
expressions are obtained for dimensionless temperature gradi-
ent hg(0) for PST case and g(0) for PHF case. In order to get
the clear insight of the physical problem analytical results
are discussed with the help of graphical illustrations.
The effect of viscoelastic parameter on the ﬂow ﬁeld is pre-
sented in Fig. 2. The components of the velocity f(g) (trans-
verse velocity) and fg(g)(longitudinal velocity) have been
plotted against the dimension g for various values of the visco-
elastic parameter. It is clear that the velocity components de-
crease with an increase in the viscoelastic parameter k1.
Figs. 3 and 4 demonstrate the effect of radiation with elastic
deformation parameter d on the temperature proﬁles in PST
and PHF cases for ﬁxed values of Ec= 2, Pr= 3,
A= B= 0.5 and k1 = 0.1. On a closer look at the ﬁgures it
is observed that the presence of the elastic deformation param-
eter and the radiation parameter lead to a decrease in the tem-
perature proﬁles in both the PST and PHF cases. The
combined effect of elastic deformation and the radiation
parameter decreases the thermal boundary layer thickness.
The dimensionless temperature proﬁles are presented for
the different values of viscoelastic parameters with the effect
of radiation in Figs. 5 and 6. It reveals that the increasing val-
ues of the viscoelastic parameter (k1) increases the temperature
and the decreasing values of radiation parameter (N) leads to
increasing the temperature. It also highlights that the presence
of the radiation parameter with viscoelastic parameter leads to
thinning of the thermal boundary layer in both PST and PHF
cases.
Figs. 7 and 8 depict that the effect of the radiation param-
eter with the Eckert number on the temperature proﬁle for the
ﬁxed values of k1 = 0.2, Pr= 3, A= B= 0.5 and d= 1.0. It
is evident that the increasing values of Ec leads to increase in
temperature distribution. This is due to the heat energy stored
in the liquid because of the frictional heating. The presence ofthe radiation parameter leads to a decrease in the temperature
proﬁle. The combined effect of increasing values of Eckert
number and the radiation parameter is to decrease the
Table 3 Values of hg(0) and g(0) for various values of the
governing parameter in PST and PHF cases respectively. (in the
presence radiation parameter).
Parameters Values PST(hg(0)) PHF (g(0))
A* 0.05 2.32392 0.501977
0.05 2.21815 0.541764
B* 0.05 2.32392 0.501977
0.05 2.30723 0.504894
k1 0.40 2.50601 0.427979
0.50 2.19689 0.539594
Pr 3.00 1.86315 0.618417
5.00 2.57834 0.475199
Ec 0.25 2.51758 0.429128
0.50 2.32392 0.501977
N 5.00 2.25664 0.504952
9.00 2.34029 0.500313
Note: While studying the effect of individual parameters the fol-
lowing values are assumed k1 = 0.3, Pr = 4.0, Ec = 0.5,
A* = B* = 0.05, d= 1.0 and N= 8.
Table 1 Comparison values of ð1
2
CfRe
1
2
xÞ and fgg(0) for various values of k1.
k1. -fgg(0) -ð12CfRe
1
2
xÞ
Nandeppanavar Mahantesh et al. (2010) Present results Nandeppanavar Mahantesh et al. (2010) Present results
0 1.0 1.0 1.0 1.0
0.0001 1.00005 1.00005 0.99975 0.99975
0.001 1.00500 1.00500 0.997499 0.997499
0.005 1.00251 1.00251 0.987472 0.987472
0.01 1.00504 1.00504 0.974887 0.974887
0.03 1.01535 1.01535 0.923965 0.923965
0.05 1.02598 1.02598 0.872082 0.872082
0.1 1.05409 1.05409 0.737865 0.737865
0.2 1.11803 1.11803 0.447214 0.447214
0.3 1.19523 1.19523 0.119523 0.119523
0.4 1.29099 1.29099 0.258199 0.258199
0.5 1.41421 1.41421 0.707107 0.707107
Table 2 Values of hg(0) and g(0) in PST and PHF cases (absence of radiation parameter, k1 = 0.2, Pr = 3.0, Ec = 0.25, A
* = B* =
0.03, d= 1.0).
Parameters Values Nandeppanavar Mahantesh et al. (2010) Present results
PST(hg(0)) PHF (g(0)) PST(hg(0)) PHF (g(0))
A* 0.03 2.34355 0.459332 2.34355 0.459332
0.03 2.26392 0.491373 2.26392 0.491373
B* 0.03 2.34355 0.459332 2.34355 0.459332
0.03 2.33132 0.461327 2.33132 0.461327
k1 0.3 2.40941 0.428081 2.40941 0.428081
Pr 2.0 1.81646 0.586958 1.81646 0.586958
Ec 0.5 2.1623 0.530068 2.1623 0.530068
174 A.K. Abdul Hakeem et al.temperature signiﬁcantly in the boundary layer in both PST
and PHF cases.
Figs. 9 and 10 illustrate the effect of radiation for different
values of the Prandtl number on the heat transfer. It is noted
that the increasing values of both the parameters lead to a de-
crease in the dimensionless temperature h(g) and g(g). Thecombined effect of these parameters leads to thinning of the
thermal boundary layer.
Figs. 11 and 12 display the effect of non uniform heat
source/sink parameter with the radiation parameter on the
temperature proﬁles (PST and PHF cases). It can be seen that
the temperature increases in the case of heat source (i.e.
A* = B* = 0.8) and decreases in the case of heat sink (i.e.
A* = B* = 0.1). The presence of the radiation parameter
in both heat source and heat sink cases reduces the
temperature.
Table 1 gives the variation of the skin-friction coefﬁcient
ð1
2
CfRe
1
2x Þ and fgg(0) with the viscoelastic parameter. The mag-
nitude of the non-dimensional surface velocity gradient fgg(0)
and ð1
2
CfRe
12xÞ, increase with the viscoelastic parameter k1.
The comparison values of hg(0) and g(0) in the absence of
the radiation parameter and the elastic deformation parameter
are given in Table 2. Tables 1 and 2 results have good agree-
ment with the results of (Nandeppanavar Mahantesh et al.,
2010).
Table 3. gives the values of the wall temperature gradient
hg(0) and wall temperature g(0) in the presence of the elastic
deformation parameter and the radiation parameter. It reveals
that the effects of viscoelastic parameter k1, Eckert number Ec,
non uniform heat source parameter are to enhance the heat
transfer and those of the Prandtl number , elastic deformation
parameter, non uniform heat sink parameter and the radiation
parameter N are to decrease the heat transfer. It is clear that
Effect of heat radiation in a Walter’s liquid B ﬂuid over a stretching sheet with non-uniform heat 175the presence of the radiation parameter leads to a decrease the
heat transfer in both PST and PHF cases. The combined effect
of radiation with other parameters cause a decrease in the heat
transfer.
5. Conclusion
The effect of heat radiation on the ﬂow of Walter’s B liquid
over an impermeable stretching sheet with non-uniform heat
source/sink and elastic parameter have been discussed. The re-
sults are carried out for the prescribed surface temperature
(PST) and prescribed power law surface heat ﬂux (PHF).
The effects of emerging parameters have been seen and dis-
cussed through graphs. The conclusion derived from this study
is as mentioned below.
 The longitudinal and transverse velocities are decreased
with the increasing values of the viscoelastic parameter.
 The temperature proﬁle increases with the increasing values
of the viscoelastic ﬁeld, Eckert number and non-uniform
heat source parameter in both PST and PHF cases.
 The thickness of the thermal boundary layer decreases with
an increase in Prandtl number, elastic deformation param-
eter, non-uniform heat sink parameter and radiation
parameter in PST and PHF cases respectively.
 The combined effect of radiation parameter with viscoelas-
tic ﬁeld, Eckert number, Prandtl number and elastic defor-
mation always decreases the temperature proﬁle.
 The presence of the radiation parameter causes a decrease
in temperature distribution throughout the ﬂow region.
The radiation effect plays an important role in the cooling
processes.
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